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Abstract
Invariants of generalized tensor fields on a line are classified using special polynomials P,(r;kl/ )
introduced here for this purpose. For the case of positive characteristic, a new invariant of formal

power series, a width, is defined. Some applications to the geometric quantization of a line and
conformal quantum field theory are discussed as well.

1 Introduction

Differential forms ¢(t)dt on a line have a well-known invariant,

Resp ¢(t)dt = a_q, (1)
where
)= >  ait" (2)
i=ord ¢(t)

For quadratic differential forms 1 (t)(dt)?, one can construct an invariant by a composition of an

invariant mapping

D(t)(dt)? = (t)dt (3)

and a residue (1).



Why do we need the invariants of quadratic differential forms? One of the reasons is that the

pairing

(6(6)(d0)%, a(t) ) = Reso (t)a()d @

identifies the space of the quadratic differentials with a dual space to the Lie algebra of vector fields
on a line. Kirillov’s orbit method [2, 4, 5] associates the orbits of the group of authomorphisms
of a line in that space with irreducible unitary representations of this group. Thus, for geometric

quantization of a line, we need to describe the orbits and the invariants of quadratic differentials.

The first calculations for that case were done by the founder of the orbit method, Alexandre
Kirillov, in [3]. T was his student at that time, and I found the explicit formulas for the invariants,
some of them were announced in [3] with an indication of my priority. These results are presented
in section 2. Most of them are based on the studying of special polynomials P,,; parametrizing the

orbits of the co-adjoint representation of the group of authomorphisms of a line.

More generally, the composition of the invariant mapping
D()(dt) ™ = (1) dt ()

and a residue (1) defines an invariant of generalized differential forms +(¢)(dt)~*. This nontrivial
invariant allows us to describe the orbits of the group of authomorphisms in the space of generalized
differential forms, utilizing special polynomials Péfkl/ A which for A = —2 coinside with polynomials
P\ introduced in section 2. The orbits and invariants of generalized differential forms are described

in section 3.

Sections 2 and 3 deal with an arbitrary field of characteristic 0. Almost without changes, the
results can be transfered to the restricted case of a positive characteristic p > 0. The results related
to the geometric quantization of a line in the restricted case for p > 0, corresponding to section 2,

are described briefly in section 4.

For the general, not restricted, case of a field f of a positive characteristic p > 0, the situation is
much more complicated. In that case even functions have a lot of additional invariants. If f is not
a perfect field, there are formal power series which don’t have a polynomial normal form, see (54).
However, all the orbits are closed, and the space of orbits can be metrized by a complete metrics.
Section 5 presents these results. Also, at the end of section 5 I define a new invariant (67) of formal

vector fields for p > 0, I called it a width.



Special polynomials an_kl/ A) describing the orbits and invariants of formal tensor fields on a line,
naturally appear in some other fields of mathematics as well. An application of them to a particular

problem from a quantum field theory is discussed in section 6.

2 Polynomials P,

Let f be an arbitrary field of characteristic 0. Denote W the Lie algebra of f-derivations of f[[t]],
the (associative) algebra of the formal power series in one variable. In other words, elements of W1
are formal vector fields on a line A'(f) = ft, i. e. expressions

a = Z aili, (6)

i=—1

with a; € f and [; = t'*12 with generators [; satisfying
i 1] = (5 = Dlisj- (7)

Wi has a natural decreasing filtration
Wi=L_1DLyD>LiDLyD... (8)

where L, is the Lie subalgebra of W7y, consisting of elements (6) with a; = 0 if ¢ < n. Since
[Lyn, Ln] € Lyytn, Lie algebra L, is an ideal of L, for all m such that 0 < m < n; and we can define

Lie algebras L, = Ly,/Ly, for 0 <m < n.

It follows directly from the definition, that L,,, is a Lie f-algebra of dimension n — m with a

basis (I; + Ln)m<i<n satisfying

(j — ’L)(ZH_J =+ Ln) for 7 + 7 <n,
0 otherwise.

[li-l-Ln,lj-f—Ln] = { (9)

Below we’ll write [; instead of I; + L,,, where it won’t cause an ambiguity, meaning that the
brackets [,] in Ly, satisfy (7) with l;4; = 0 for i +j > n.
Filtration (8) defines a filtration

Lmn D) Lm+1,n DR Lnn =0 (10)



with

Livjn fori##j,i+j<n,
[Li'ruLjn} = LQH_L” for 1 = j, 21 < n, (11)
0 otherwise.

according to (9). Thus L,,, are solvable Lie algebras, nilpotent for m > 0 and commutative for

2m+1 > n.
Denote Uy, the universal enveloping algebra of Ly,,. (10) implies
Upn DUpmyin D DUpp=f (12)
with U;p, = fliylig1, -y ln—1] for (n —1)/2 < i <n —1 since L;, is commutative in these cases.

Theorem 1. Let m > 0. Ifn < 2m + 2, Upq1,n41 25 commutative. If n > 2m + 2, the center
Of U77L+1,n+1 18 f[l7L7 ln—l; cee aln—m} fOT odd n and f[lna ln—la ceey ln—ma Pmk(lnv ln—la sy ln/2)] fO?”
even n, where k = (n/2) —m and polynomials P, can be defined as the coefficients of a generating

function

oo k—1 m k—1
& \/Zk:o zpzg 2 - \/Zk:o wprg  2F

m,m
Ty 2

Pmk(x[)axlv"wmerk)z (13)

[M]8

b
Il

1

A canonical projection L,, — L,,, induces a canonical inclusion of the spaces of f-linear forms,

L*

*
mn*)L

m?

and one has an infinite flag
0= Ljnm C L:n,m—i-l - L:n,m—&-Q c---C L:n (14)

with L¥, = U, L

*
m,m-+k*

Denote Go = Gal(f((t))/f), the group of the automorphisms of f((t)), the field of power series,
leaving the constants stable. Elements g € G can be uniquely determined by their values g(t) =

ct+o(t) with ce f*i.e. c#0.

For a positive integer n, denote G, a subgroup of G consisting of elements ¢ satisfying g(t) =

t+ o(t™). For m < n, G, is a normal subgroup of G,,. Denote G,y = G, /Gr,.

For m > 0, there is a standard isomorphism between G,,, and an (algebraic) adjoint group of a
nilpotent Lie algebra L,,,. The standard action of G,,, on L}, coincides with the co-adjoint repre-
sentation. The group G,, also may be considered as an adjoint group of a pronilpotent Lie algebra

Ly, for m > 0, and the standard action of G, on L, may be called a co-adjoint representation.



Theorem 2. Let m > 0. If n < 2m + 2, all the orbits of a co-adjoint representation of Gpi1,n+1
N Lpt1nt+1 are points, and every point is an orbit; all orbits are in a general position. If n >

2m + 2, the orbits in a general position of a co-adjoint representation Gpiint1 M Lmiin+1,

can be parametrized by m + 1 numbers co € f*, c1,...,cm € f for odd n: they are affine planes
of dimension n — 2m — 1 defined by equations l, = co,lpn_1 = C1,...ln_m = Cm; or by m + 2
numbers cog € f*, c1,...,Cma1 € [ for even n, in which case they are affine varieties of dimension
n —2m — 2 defined by equations l, = co,ln—1 = c1,. ., ln—m = Cm, Prk(ln, ln—1,- -, lnj2) = Cmi1

with k = (n/2) — m and Py defined by (13). Fach orbit in a general position of a co-adjoint
representation of Gy1nt1 @ Ly, 11, 18 an orbit of a co-adjoint representation of Gmy1iv1 in
Ly, 1141 for allt > n, as well as of Gyy1 in Ly, 1. Fach orbit of a co-adjoint representation of
Gmt1,i+1 0 L;+17i+1, is an orbit in a general position of a co-adjoint representation of Gi1 n+1
in Ly, 1,41 for some n such that min(2m +2,i) <n <i. Each orbit of a co-adjoint representation
of Gy in Ly, is an orbit in a general position of a co-adjoint representation of Gui1nt1 in

Ly i1,n41 Jor somen > 2m + 2.

Let us study polynomials P,,; mentioned in Theorems 1 and 2 in more details.

Theorem 3. A polynomial P, is homogeneous of degree k and equalized of weight m + k.

1/2 .
Postaosowsomi) = 3 (12 Japatt Lty (15)
rFm+k Piy-- s Pm+k
T >m

where m = (1P12P2 . ) is supposed to be a partition of m~+k with the largest part my > m; pg = k—£(m)
where £(m) denotes the length of a partition w. The least common multiple of the denominators of
the coefficients of Py, equals 225=5K) for m = 0 or 22k=3(k=D=1 form > 0, where s(k) is the sum

of digits of the binary expression of k. Also,

Poe(0, -+ k) = % /Oz det (‘if), (16)
where © = (Tmi1y- -y Tmtk), AT = (AT, ..., dTmyk) and
(2k —2)zg (2k—3)x1 ... kg —o (k—Daxp_1
A= 0 2k —4)xzg ... (k — 1)xk_3 (k — 2)1‘].3_2 (17)
....O ......... 0 ........... 2x0 ........ xl

is a (k — 1) x k matriz; (Cf) denotes k x k matriz obtained from A by adding a first row dx. Also,

_1\k—-1 !
POk(xo,...,l‘k) = %det (A)’ (18)



where &' = (x1,2x2, ..., kxg) and A as in (17). If m > k — 1, then

(- (e
Pk (20, - s Tmar) = ———2——det 19
B0, i) = oy det | 4 (19)
with € = (Tm41, - - -, Tmtk) and matric A defined above in (17). One has Py,1 = me,

Poz = 3 (4xox9 — 23) and Py = i(2$0$m+2 — T1Tmy1) for m > 1;

o=

Pys = %(8933:173 —dxomT2 + 23), P13 = 11—6(8:17%504 —2x9(2x173 + 23) + 32379),

1
P,3 = 1—6(8x(2)xm+3 —4x0(T1T a2 + ToTmy1) + 323X 1) for m > 2;
1

Poy = 135 (64x3xy — 1625 (22123 + 23) + 24woaizy — bxt),

Piy = 35 (160325 — 8x (2124 + w213) + 630 (2723 + 2123) — 5aiasy),

Poy = 35(16x3a6 — 403 (23125 + 20024 + 23) + 620 (23ws + 2210203) — Srdas),

P = 55(16232 14 — 833 (#1Zm 43 + ToTm2 + T3Tmi1) + 620 (2322 + 20122 m41) — BT T41)

form > 3. Also,

Por(1,1,...,1) _ (k=11
(2k)! )
(2k —3)! (
Pmk(l,l,...,l):m form>k—1.

If m = 0, the sum (15) has p(k), the number of partitions of k, nonzero items. If m > k — 1, the

sum (15) has p(0) + p(1) + - -- 4+ p(k — 1) nonzero items.

Referring to xg, 21, ...,z as constants, one obtains from (16),
dPpr = ——dxp, s+ ———dxy o = det . 21
g 3xm+1 Tmt1 + + 8$m+k Ttk ¢ (A) ( )

Expanding the determinant along the first row, we get determinant formulas for partial derivatives:

Corollary 1. For an integer i so that 1 <i < m,

8Pmk
ameri

= (=1)""'det 4;, (22)

where A; is a matriz obtained from A by deleting i-th column.

Lemma 1. Let r be an arbitrary commutative ring, 8%1, ceey % some derivations of v, P € r and
dl‘l N dl’k
oP oP
dP < "y + - ——day, = det | “ 2k (23)
Bz O RTE
a1 Gkk



with a;; € . Then P satisfies the following system of partial differential equations:

a21§—£+~-~+azk§—£ =0,
................... (24)
a1 g+ -+ apr e = 0.
Proof. Expanding the determinant
Q41 ik
az1 azk
dot | o -0 (25)
a1 Qi
ak1 Ak
along the first row, we get the corresponding equation of the system (24). O

Proof of Theorem 1. By Gelfand’s Lemma [1], for the standard representation of a Lie algebra having

a basis (zg,...,zn), on the polynomial algebra f|xo,...,2zxN], one has
N
OP
T(IZ)P = Z[xi, 3?]18— (26)
— T
7=0
for all 4 from 0 to N and P € f[xg,...,zn]. Thus the algebra of invariants of the given Lie algebra in
flzo,--.,xnN], can be described as the algebra of solutions of a system of partial differential equations

.................. (27)

For a Lie algebra Ly,41 n+1 with odd n, the system (27) where x; = l,,—; and N =n—m — 1,
has an upper triangular matrix with a non-zero main diagonal. Thus, by induction, invariants don’t

depend on [; with m < i < n—m. If n is even, the matrix of the coefficients of system (27) for

(1)

where A is defined in (17), and C'is an upper triangular square matrix with a non-zero main diagonal.

Lynt1,n+1 has a form

By induction, the same as for the case of an odd n, one can deduct that invariants don’t depend
on [; for m < i < n/2. Further, the invariants satisfy the system of partial differential equations
with a matrix A. Now, utilizing Lemma 1 and formulas (16), (21), we get an additional invariant

Pok(ln, ... lny2), with k = (n/2) —m.



It follows from the general theory of invariants of nilpotent Lie algebras [7], that the algebra of
invariants of Ly,4+1,n+1 discussed above, for even n, is f[ln,ln—1,...,lh—m, P|] with unknown poly-
nomial P. Notice that our polynomial Pk (ln,...,l,/2) with k = (n/2) —m, is not included in any
algebras flln,ln—1,-- - ln—m;P] C flln,...,ly2] such that P & flln, ..., ln—m, Prk(ln, .-, lny2)],
since

1 _
Pmk(lnv o >ln/2) = §lﬁ_lln/2 + anmk(lru ey l(n/2)+1) + kalﬁ_iln—m—l (29)

for some polynomial @,,x and nonzero constant c,,r, meaning that P,,; is a linear polynomial of

ln/2 with coprime coefficients.

ln, ... lp—m are central elements of L, 1 n+1. Connections between invariants and the center of

Um+1,n+1, the universal enveloping algebra, are well known now, and can be found in [1]. O

Another proof of Theorem 6, based on the studying of generating functions (13), will be given
in the next section. Theorem 3 (except the determinant formula (18)) follows from a comparison
between these two proofs of Theorem 1. The determinant formula can be obtained by differentiation
of the corresponding generating function (13) and observing the conditions on coefficients; similar

calculations can be found in [6] and [8]. Theorem 2 follows from Theorem 1 and the results of [7].

Some of results of this section were announced in [3].

3 Fractional residues

The same as in the previous section, let f be a field of characteristic 0. For A\,u € f denote
Fy\, = fl[t]lt*(dt)=*, a linear topological f-space with the topology induced from the standard
topology of f][t]], the algebra of formal power series, assuming a discrete topology of f. Lie algebras
L,, and groups G,,, with m > 0, naturally act on these spaces. The purpose of this section is to

study the algebras I/’\’L of polynomial invariants of these actions.

Elements e;, = tF+#(dt)=*, where k = 0,1,2,..., form a topological basis of F . Denote

(zr)o<kez the dual basis of the topological f-space F3 of linear forms on F) ,,.

Theorem 4. Let m be a non-negative integer. If u # (m + k + 1)\ for any positive integers
k, then I;\’:fl = flro,x1,-..,xm]. If A = p = 0, then IQL‘H = flro,x1,. . xm +1]. If X #



O, = (m+ k+ DX for a positive integer k, and —1/\ # n for any positive integer n < k,
then I;\’LH = flxo, z1,... ,xm,an;l/’\)(xo,xl, .« s Tmk)] where polynomial Pr(n_kl/)‘) is defined by a

generating function

(g mimy 12TV = (ST w2 YA

m,m
Ty 2

Z PT(V;ICI/)\) (20,21, .+, Tong) 2" = (30)
k=1

If —1/X = n for a positive integer n and p = (m + k + 1)\ for a positive integer k > n, then

IZ\ZH = flzo, 21, Tm, pm (zo,x1,. .. ,merk)/x’g*"} where polynomial P s defined above.

mk mk

Theorem 5. Let m be a non-negative integer. If p # (m+k+ 1)\ for any positive integers k, then
the orbits in a general position of the standard representation of Gy in Fy, can be parametrized
by (m + 1) numbers co € f*,c1,...,¢m € f: they are affine planes of codimension m + 1 given by
equations Ty = Co, X1 = Cly- -+, Tm = Cm- If X # 0, = (m+k+ 1)\ for a positive integer k, then the

orbits in a general position of the standard representation of Gm41 in Fy, can be parametrized by

(m+2) numbers co € f*,¢1,...,Cm,Cmy1 € f: they are affine varieties of codimension m + 2 given
. (—1/) .
by equations xo = Co,T1 = Ci,...,Tm = Cm, Pp (20, @1, ..., Timgk) = Cm1 if —1/X # n for any
L —1/x -
positive integer n < k, or xg = €o, X1 = Cl,y .-, Ty = cm,ank / )(zg,xl, e ,xm+k)/x§ "= Cmt1

if —=1/XA = n for a positive integer n, where polynomial Pr(n_kl/A) is defined by (30). Each orbit in a
general position of the standard representation of G411 in Fy, s an orbit of the standard represen-
tation of Gy in Fy ,—; for each nonnegative integer i. FEach orbit of the standard representation
of Gm41 in Fy, is an orbit in a general position of the standard representation of Gui1 0 F uti
for a monnegative integer i, with the only exception when X\ = 0 and p is a non-positive integer:
then sets ¢ + O are also orbits for any ¢ € f* and O, an orbit in general position of the standard

representation of G411 tn Fy; for a positive integer i.

)

Let us study polynomials Py(n_kl/ ») mentioned in Theorems 4 and 5 in more details.

Theorem 6. A polynomial Pr(n_kl/A) is homogeneous of degree k and equalized of weight m + k.
- 1/
P o = 5 (0 Yapar et G51)
THm+k b1y Pmtk
T >m

where m = (1P12P2 . ) is supposed to be a partition of m~+k with the largest part my > m; pg = k—£()
where () denotes the length of a partition w. Also,

(—1/%) _ 1 g [
P . (Toy oy Tomtk) = (k—l)!(—k)k /0 det(A)7 (32)



where & = (Tt - - Tmak), AT = (dTma1, - - dTmak) and

(k—DAzo ((k—DA+ D2y ... ((k=DA+ (k—2)zres (k- 1)+ Dap_
e 0 (k=2r0 o (k=DM (h=3)ars (k=20 + Do | g
e IR Lo T

is a (k — 1) x k matriz; (‘i‘f) denotes k x k matriz obtained from A by adding a first row dx. Also,

—1/X 1 !
PS M (wo, . ay) = pTE det <A> (34)
where ¥’ = (x1,2x2,...,kz) and A as in (33). If m >k — 1, then
_ 1 T
POV (e wmar) = ————— det 35
mk (‘T07 s Tintk) (k*l)'(*/\)k € A ( )
with © = (Tymt1, - - -, Tmpk) and matriz A defined above in (33). One has P(_l/k) = 7%Im+1;
Péz 1/A) = —%ifon + /\2-;213”1 and P2 (—1/)) = xoxmﬁ + )\2 Ly @y form >1;
P(g3 YA = _%33(2@3 + ,\z Lrowyag — 7(A+1)(2/\+1) 3,
Pl(g_l/’\) = —1adzs + S 2o (22125 + 23) — —()‘H;E\Qg’\ﬂ)xlxg
P(_l//\) = —%x%xm% + ’\;rzlxo(xlfmw + ToTmi1) — —(/\HQ)%\H)»TM 11 form > 2;
P0(4 YA = }\%5‘74 + 2>\2 r o3 (2123 + 73) — (/\HQ)E\QB/\H)xOx%W + '(/\+1)(22)\4Jt\i)(3k+1) i
]31(4 1/x) _ —%.’130.1‘5 + )\2 $0(1‘1l‘4 —‘rl‘Q.Tg) _ (>\+12)E\%>\+1)$0(l‘%$3 +$1l‘%) + (>\+1)(22—)&\-1)(3>\+1) 3 .
P(_I/A) = *§$3$6+AJ§ZI 23 (2m125+2x0m4+23) — 7(/\+12)§23’\+1) 0(17%954+2x1932503)+—(/\H)(zg})(g'\ﬂ)1’1953,
POV = LB i+ 2502 (01 @ s+ T o+ T3 1) — OFNEMD 0 (020 90 w0 1) +

QAEDCMHVEAD) 385, 1 for m > 3. Also,

PV 1) =(=1)F (12)\)

\k
PTS;,Q/”(1,1,...,1):( Al) (;@1) form>k—1.

(36)

If —=1/X\ # n for any positive integer n < k, the sum (31) has p(k) nonzero items for m = 0, or
p(0) +p(1) + - -+ p(k — 1) nonzero items for m >k — 1. If —=1/X\ = n for a positive integer n < k,
then the sum (31) has p,(k), the number of partitions of k with length < n, nonzero items for m = 0,
or pn(0) + pr(1) + -+ + pu(k — 1) nonzero items for m > k — 1.

Proof of Theorem 4. Analogously to the proof of Theorem 6, one can notice that for a representation

T of a Lie f-algebra with a basis (l;);cs, in the algebra f[zg,x1,...], one has the series of equalities
oP
T(;)P = Z(zixj)a—mj. (37)
jeJ

10



Continuing as in the proof of Theorem 1, we get a proof of Theorem 4.

There is also another proof. Consider a residue Resg =z, € I_1 _;—1 where k is a nonnegative

integer. For such a non-negative k, if 4 = (k4 1)A and A # 0, then one has an invariant polynomial
mapping

P/ . F>‘N|9co:1 — F_q1_p-1 .
htt(dt) ™ — (htt(dt) ) YA = B AR gy

Composing this invariant mapping with a standard residue Resy, we obtain a polynomial invariant

for every positive integer k,

ResgoPCVN L Byl ) — f. (39)

Noticing that xq is also a Gi-invariant, we can extend (39) first to a rational G;-invariant
(=1/X) .
Resg oP ° (xo) F Pl g0 — f (40)
and then to a polynomial Gi-invariant
PG = () o ResaoP Y o () i g (41)
Zo

The rest of the proof can be done by utilizing the standard techniques from [7]. O

Noticing that bilinear transformations

P:Fk,u XF)\/“/ —>F)\+)\’,;L+,U/a(eivej) D—)Bi_;'_j (42)
are invariant, one obtains a bilinear invariant for A + X' = —1 when p + 1’ is a negative integer:
ResgoP : Fy, x Fyipy — f. (43)

Thus,

* def —
Fy, ~ (U F—l—A,i—u> JF1on-u = Fo (44)

In particular,

L:,L = F17m+1 ~ (45)

—2,—1—-m

11



and

Ly, ~F o 1 n/F o _1_p. (46)
That explains the identity
Py = PU/? (47)

following from (13) and (30).

Caution. ‘An orbit in a general position’, here and in the previous chapter, doesn’t mean the ‘orbit
of maximal dimension’ or the ‘orbit of minimal codimension’. For instance, the following two series

of the orbits of the co-adjoint representation of G 5: given by equations

1
—Z?Q, = (1 (48)

1
ly = co, 51412 ~ 3

with ¢y € f*,c1 € f, and by equations
l4 = 0, l3 = Cp (49)

with ¢g € f*, both have the maximal dimension 2, but only (48) are orbits in a general position of

the co-adjoint representation of G5 in L7 5.

4 Positive characteristic, a restricted case

Let f be an arbitrary field of a positive characteristic p. Denote W; the restricted Lie p-algebra of
f-derivations of f[t]/(t¥). Elements of W can be written in a form

p—2

a = Z aili (50)
i=—1
with a; € f and [; = t“‘l%. The basic elements ; satisfy (7) meaning l;;; =0 for i +j > p — 1.
Also I? =0 for i # 0, and I = .
The same as in section 2, consider filtration

W1=L_1DLQD"'DLP_2 (51)

assuming that L,, is a Lie p-algebra consisting of expressions (50) with a; < 0 for i < n. Define
Lyn = Ly /Ly, for 0 < m < n < p—1, supposing that L,, ,—1 = L.,. Denote U,,, the restricted

universal enveloping algebra of L,,,.

19



Theorem 7. Let m > 0. If n < 2m + 2, then Upq1 nt1 45 commutative. If p—2 > n > 2m + 2,
the center of Upt1,n41 18 flln, ln—1, -« s lnem] /(2,10 1 o 18 ) for oddn, or flln,ln—1,... ln—m,

Prok(lnsln—1, - 1np2)]/ (1, . . ., li/z) N Sllnsln=1s - s lnems Pk (ln, In1, - - ., 1ny2)]) for even n, where
k= (n/2) —m, and P,y defined by (13).

Denote Gy the group of automorphisms of f[t]/(¢7), leaving the constants stable, and G,, with
1 <n <p-—1, the subgroup of Gy of automprphisms g(t) = ¢t + o(t"). Also denote Gy, = G /G,

for0<m<n<p-1.

Theorem 8. Theorem 2 is true mutatis mutandis.

The proofs of Theorems 7 and 8 can be obtained the same way as the proofs of Theorems 1 and

2, mutatis mutandis.

5 Formal singularities

Let f be an arbitrary field of characteristic p > 0. Denote F = f((t)) and Gy = Gal(F/f). We
suppose that F' has a valuation, a filtration and a topology, as usual, assuming a discrete topology
of f. One can check that all of the elements of GGy are automatically continous automorphisms

preserving the valuation, and are defined uniquely by their values g(t) = ct + o(t) with ¢ € f*, i. e.

c# 0.

For a positive integer n, denote G,, the subgroup of Gy of automorphisms ¢ such that g(t) =

t + o(t™). The filtration
GoDGL DGy D... (52)
defines a topology (‘given by a filtration’) in every G,,.

Theorem 9. Let n be a nonnegative integer. Gp-orbit of a formal power series h € F, is open iff
h e F\ f((t?)). The statement, ‘Gn-orbit of h € f((t*" )\ f((t*" ")) is open in the relative topology
of a field f((t*"))” is true for all h € F\ f, iff f is a perfect field. All the series h € F\ f((t?))
have a polynomial normal form, i. e. G,,(h) ( flt~1,t] # 0. All the series h € F have a polynomial

normal form, iff [ is a perfect field. Every G,-orbit in F is closed. The canonical projection

B:F — F/Gp, hi Gu(h) (53)
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is closed iff either f is a finite field, or p = 0. The orbit space F/G,, can be metrized by a complete

metrics.

Proof. Start with a counterexample to the existence of a polynomial normal form for the case of

imperfect field. Let f be an imperfect field, ¢ € f\ fP and

h=Yct (54)
i=1

where
pi:1+p+p2+---+pi=%. (55)
Since h satisfies
h— ch? = tP, (56)
one has
g(h) —cg(h)? = g(t)" (57)

for any g € G,,. Suppose that g(h) is a polynomial of degree d. Then d > p, because as we noticed,
g saves the valuation, and ord h = p. Calculating coefficients at t4" in (57), we obtain
9(t)a )p
c=— e fr, 58
(9 (h)a (58)
a contradiction. Thus, the series (54) doesn’t have a polynomial normal form for any imperfect field

f

The next interesting fact, that all the orbits are closed, follows from a minimality principle, one

of the formulations of Hilbert’s theorem about bases of polynomial rings, and the following

Lemma 2. Let K be an algebraically closed field containing f; A™ an affine K-space of a finite
dimension m, and A™(f) the set of f-rational points of A™. For each polynomial function ® : A™ —
f and for each f-linear subspace L of the f-linear space K, one can find an f-closed affine algebraic

variety S C A™ such that S(f) = ®~1(L) (N A™(f).

In calculations involving the field F', the following lemma is extremely useful.

14



Lemma 3. Letp >0, k= ... k... kiky € Zy, a p-adic integer, g1 =P T.q1; - - - q11G10, G2 =

P2 - Q21020 - - € Z~q, a finite sequence of nonnegative integers, ¢ = q1 +qa + .... Then

(%ql:, x ) <% 59
(o )<L

qi,q2;- - - i \41i> 42i5 - - -

k
( )géOmodp if Vi ki > qut gt (61)
q1,492, - .-

For (61), one has Vi, vp(g;) > vp(k) where v, denotes the p-adic valuation.

Proof. If k € Z~g, a positive integer, then (59) is clear, (60) follows from the particular case of
binomial coefficients, which is well-known, and (61) follows from (60). Since Z is dense in Z,, we

can extend (59), (60) and (61) to k € Z, by continuity. O
By the way, we obtained all the formulas (59), (60) and (61) for negative integers k as well, just
from the case of positive k£ and density of Z in Z,. For me, that is a very interesting p-adic trick.

The last sentence of Theorem 9 follows from

Lemma 4. Suppose that a group T' acts on a metric space (X,d) by isometries such that all the

orbits are closed. Then
(i) Function D : (X/T)? — R, (A, B) — inf(,p)caxp d(a,b) is a metric on X/T defining the
quotient topology.
(ii) D(A, B) = d(a,B) for any a € A, (A, B) € (X/T)2.

(iii) A canonical injection in : X/T — H(X) where (H(X),dp) is the space of non-empty

closed subsets of X with Hausdorf’s metrics

dp (A, B) = max{sup d(a, B),supd(4,b)}, (62)
a€A beB

is an isometry and in(X/T') is a closed subset of H(X).

(iv) If (X,d) is a complete metric space, then (X/T', D) is a complete metric space as well.
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Theorem 9 shows that the situation for p > 0 is much more complicated than it is for p = 0
which was studied in section 3. In addition to invariants described previously, there are a lot of new

invariants for p > 0. For instance, the following functions F' — Z|J{oco} are invariant:

ordg(h) = ord(h — zo(h)), (63)
md(h) = max{m € Z|h € f((t*"))}, (64)
N} (65)

md(h)+1

ordpq(h) = maxord{h — ala € f((t*
where

h = f: z;(h)t! (66)

i=ord h

with z;(h) € f and xoran(h) # 0.

The next example is more interesting. Determine w : F' — Z,

ordyg(h) —m

mlp " —ordma(h)[p*

w(h) = max{ { } | 2m(h) £ 0,0 £ m < ordmd(h)} (67)

for ordnq(h) > ordg(h), or w(h) = 0 otherwise. Here
_1 def m
L max{pd e EZ,dEZ} (63)

Letter w in (67) is the first letter of the word width.

Proposition 1. w is Gy-invariant.

6 An application to QFT

Polynomials an_kl/ A) describing the orbits and invariants of formal tensor fields on a line, naturally

appear in some other fields of mathematics as well. Here is just an example.

According to [9], denote

Pg = Uy — U%, (69)
1< P, -—
. k
Pk+1 = m (Z_E 1((Z + 2)Ui+1 — 2’[1,1’&1)87% — 2kuq Py — i:E - ]Dipk+1—i> (70)

for k > 2.

1A



Theorem 10. For k > 1,

1 _
Pk(ul,u2,. . -;uk:) = HPO(; k)(l,ul,u2,. .. ,’U,k,). (71)

Proof. As usual in analogous cases, after guessing the answer, the proof can be done by induction

on k. Limited by the space and time, I omit superfluous details. O
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