Tensor decompositions for S§L(2) and cuterplanar graphs

Alakanndra Mihailows
Dwparlnan L of Malhamalics
Linivarsily of Pannaylvania
Philadalphin, 1'4 131046395
mibailovEimalh upann edu
bbpr: ffwrww tnnalh . upenn adu fasmi hai b f

Nowmbar 24, 1997

Abetreat

The mam rewntt of th artile & the denmposdtion of teowr prod e of repeese ot atioms
of 2L[2) m the wnm nf Trevncihle repreentadiome poametiesd by mierpianar graphe An
mterplon o groph & agmph with the verticew ], 1,3, ..., m, eedges of whih tan b drson m the
npper haliépiane withnnt mtemertinoe We allow fir a gmph o e mltple sdges, bt doa't
alloer o In mrme detal,

ey G- e ='&£ T,

wheae 1, clemotes the ioednihle rprwentatnn of dimensinn d+ 1, and the diert sum & taken
mver al] the nnterplanar graphu of degores do, iy, - - - dy with all powdhle valnes of do. T iwan
Irrvincihle sbrpresentation of the type gy, o0 we detrmmine expbicit mmnloas o the ok
m the wpawre nf Ty an well

1 Imtroduction

In the clasleal gumntm mechanles, sach partiels cereespends o an rrechiclble reprogetatinme of
SL%) of dmendlon 2a+ 1, whew a € L = % the qln of the particle. For mample, 8 photon having
gpln ) eerrespeneds to the trivlal repregentation of dlmendden 1, and an elactoon bavhng spin 172
eorregpends to the stamdard 2-dmmaenal represmtatien of L)

a By AN fed+ B (1
e & \B) T \ed+d4B)
The projectlome of the spln mrreapend 10 the slementas of the Hxsd basls of the space of the mep-
regentatinn, deserhed helow 1o sartien 2 just, befere (14). T stdy the systames of a fow partieles,



coe needk o kmew expllclt roulas for the basgs of the lentypk compoments of the tenenr prodact
of cnrresponeling reprecentathneg, and sspeclally the hasls of the leotyple compoment of the type of
thee trlvlal reprecentaticm, 1 e, the hesls of the sbepase of Invarlants of the temenr poeediet of mep-
recantatinme. Thees hasse are of Interest, In the waleney thenry and a few nther hranches of physles

a8 well 8z mathematins.

The hass of the swbspane of FL[2)-Inwarlantz of VE™ =V & ... @V [#e thaes), where V 1z the
twnim rdrnal Inear space with the standard actlen (1) of SE{2), waz degrribed In the tarms of the
Qrentarplanar graphe n the clasde werk [16] of Bnmer, Teller and Weyl. Thi theery was dewelped
and applied 1o the pereelatinn theery by Temperley aned Llsh [17], t2the nots theery axd nvarlants
of dmanifckds by Jones 5], Kauffman [§], Kanfnan and Ling [T], Wenel [19], Jasger [1], Lirkerish
[9], Mashaum aml Yegel [11], sl others, to the quantim theery by Fenrees [14] amd Moszourk
[12], to yuantim grenps and the qantim Unk theery by Bashetlkhin and Turase [15], Ohtzuld and
Yamada [13], Carter, Flath and Saltn [1] and nthers, mpaclaly to the theery of Inestigs cancnleal
bages [10] by Ebovanow and Frenkel 2], Yarhenks [18] axd Frenkel, Yarchenks and Kirfllow, Jr. [].
I am axrry that Iam ot able to Qlte everyhesly whe made a cnotrlhitlon, baranse the Iteratime oo
thlz tople k& very extenstve. Ihacam e famillar with the desription of 1he hagk of the Inwmrlantz of the
temanr preehiets of any IrmadheThle repregantationg of FL{2) 1n the tarme of the (-oterplanar graphs
frem Kuperberg's work (8], Seme panple, and Frenkel and Khevanew (2] In partlmilar, eenetruetad
bazes oot coly 1o the lnwarlants bt I the cther compements 8z well. The bases eostnets] o
thls wrrk, are different. Jn &l the prevloe works, the procis esd straleghtenlne alecrthm,. They
eheweed that each Inwarlant, conld be expresssd Az & llnear comblnath:n of lnvarlants correspomd e
1o the (Feanerplanar graphs. That, after the cakulatlom of the dimenslons of an Inwarlant, epace, amxd
Amdlng the nimber of boutarplanar graphs, erofdmied that, the glven lnmdants fmi & basls.

In gectlon 21 ghwe ew pronf of the remilt, of Bimer, Teller and Weyl [16]. The methed of my
prcf 1z the Inlewlng. I ghewe that the nwarlante cnmespomdng to the (enterplanar graphe, are
Imeady Ixlependent. After the calmlatlnme of dinendrneg and nmbers of (Honearplanar gpraphs, 1t
pmrwes that, the ghen nwarlants form & hask.

In e=ction 3 1 glve ew fnronilatlom for the extenelon of Bumer, Teller and Weyl's work 10 the
dearriptiem of 1nwarlanta of teneer prechicts of any rreducible repregentatinone of 5L(2), ndng allghtly
dYferent. outarplanar graphe, than In [8]. Then I glve the mew proct of the megult, flowine the
methexl dearibed In the prevlue paragraph. Alen, I glve & fow ew explel foconilas of thoes



Inwariants.
Ingactlon A I plwe & foe samples awd & few new fnrmilas of the nvarlants.

In eacthom & Ilntrexdiee bases of all the lentyple oom pooenta of tenest prodieta of any IrredieThle

repreeentations of SL[(2), parametrired enrprirlngly by caferplanar graphe ag well. Alss, I desrrlihe
the ebellvldlome of thees basss, glelg the decompoettlon of the eotypls component 1o the enm of
the Irrechieelble repreemitatlone The procfs are cloee 1o coes glven 1o the prevloe sectlnms,

Eeeall that, all claszee of aqlwmlence of the Irrechidlble polynomlal fnlte dlmenelonel representa-
tlrme nf 9L[Z) are parametrlzed hy nennegatlve Intagere, awd we can chonge the matural actinng o
of FL(Z) In the gymmetrk: powers FEV k=10, 1,2, ... 832 thelr represmtativag.

Definitiong. An nuterplunar graph 1z 8 graph with the sat of wertloes {0, 1,2, .. ] CH={* E
C |5+ > 0], eeges of which can he drawn In the upper half-plane % witheut, ntersaeticne. Hie alow
for a graph o hawe multiple edges, T, den't, allew lnope. Denote (0] the et of directad graphs,
nnderlying nmllrarted graph of whih ls 3. Let f he an eotarplanar graph and ¢ € {G). For each
wertlk & of g dencte

re () = mAielyeiete) ¢ gy (2)

where £7%4) % e number of amows I g, beglonlng 1o k, 25'(4) 1z the oumber of arrows, exding
In k, and

de = dTg) + 47 (g) ®

It the degme of k. I other wonds, we pin, 2 at, the eplnnge of sach arroew of g, and § —at the mdd,
and multiply thees 28 and i In earh wertly. Demnta

h=n(f8 S EF'VE - BFV (4)
and for any noonegatlve Integer £ < dn(F) denots
toi= 3, (—1fmeh,, (%)
FEDHE)
A=

where 10w 4 1z the nimber of Inwergone In g, 1 2. |, the mmiher of armews (E, ) 1o g with & > L

Theoremy 3. Fr any flzed dp, 4, .. . o, emacom Lo paramedled by il cwtopinnar praphe with
fegned dp 4y, ... dm Gnd Ronaegadue Indegem £ < 3y, form 6 ol I e Beypie mmponent of gie



ByPE i, IR B rep reaentabion o, & - - @ o, . For any fized puterphinor gmph 7, the 2l pace T2
aprmned by the basls (Top, ... G2, ), e fmwarany the Snere homomoneh

o5y 220, syt L, ©
efines the Domorphism of o, and tie subre eaentation of SE2) i Tz, and
Ve @5V=9Ts, (7)

where the dinect sum it Gie righe hand alde @ ke oeer all e pwberptanar gmphs of degpnoas
ey ey, ... dm Wi Gl proaside vobues of dn.

2 Inwarisnte of teneor powers of
the etandsrd represesentation

Lat, f be a flsld of charactarktie (), and FL(Z) —the group of 2 x 2 f-matrkes with detarmhant, 1,
artlng o Z-dmenagonal Mnear f-apace 3V with hade (% ) by the standard way (1)

(i fi) (A% + By) = (a4 + bB)n + (2A + dB)y, &

FHFam 4oy, i HFEE 4y EL)]
Then V& ¥ k& 1-dmendrnal inear f-gpace with the bads (# @ %, 2 @ ¢,y & 7,5 @ ), and FL{2)
arta oo V' @ V thoeugh the tenaer preduet, of the standaxl actloe (9], 1. &,
8% (a4 o] @ (am+ ey, (100
and e o
(: j) (Az@=4+ Bx@y+ Oy@s+ Dy @y) = (244 28B4+ O)+ P D)z g =
+ [ A+ ad B+ b + 5d0)w 2 g (1)
+ (2044 BaB + adll +h4D)y & =
+ (" A+ ed(B+ O+ £ Bipe y.
Lemywa 1. The subspnre of SLZ) Arvanunt of V@V i one-dimensionnd, and we mn dioose
TAW=FEZH—HET [12]

fuf ri buale plement v bRk aparee



Prmnf. From [11),

(i ili) I:!H'EII'_II"EI:]=[Eﬂ—&1][ﬂ@y—ﬂ@m]=m.3ﬂ_ﬂgm_ [13:]

It means that = A i 1z lnwarlant.

Eprall ermie fundamental facta about, the repreeentatlons of FL(2). The word mpreentabion
wll mean helyw & pelymemlal inde dimemdrnal Inear repreeentatlon cwer §. Feery repressntatlon
of FL[2) 15 aqmlvalent, to 8 eum of Ireedwelhle representations. Al clagecs of apilwelence of the
IrreddieThle representaticne are param etrleed by nennegatlve Intagars, and we can clerss the natral
artlong pe of FL[Z) In the symmeirle powers F5V, k= 0,1,2, .. . az thelr reprecentatives. In nther
werehs, oo 15 & trivlal 1-flmendlonal repreeentation, ;o 15 the staxdard repregentatlon (8], and for
E » 0 the representatien g acts 1o the [k + 1)<limemscnal Bwear fspase of the homogeneme
prlynemn lals nof degres k of tvn varlahles 7 aned gy, which we can prevlde with the bagke of monem lals
(= 25ty . 4], ench that,

o fam 4 o), 2 g fam a5 Em 2, . 8F (B AR [14]
By thefinitlon,
5V = (v & V) (fm A ). (15)
It oeam: that
PLE P2 g B (16
Az we gee, the enbepane of lnwarlants 1g 1-dimensinmal, O

Tk gty decomprsdtiyoe of temenr predhicta of represmitatinoms, 1t k& convenlent, o condeder char-
artere, 1 8. tranee of the repreesntatione. For a dlagnnal matrix {g ;1 :I frmmulaz [11) glwe us

et ol gy e R [17]
It, meam: that,
_ _qb—l_q—{i—l]
i =g+ g =T (18)

Charrters are alrments of the = /2graded rog

K=Ch+qg = k=9 g K™ (190

EL |



Twir reprecentatlnne are eqpilvalent, HE they hawe tle game characters. Ber any representaticme o, ¢

we haws

chedr=rche 4+ chr (2]
and

che @ r=che chr (21}

Charartars of the repreesntatioms o whh cdd (Bwen) & form a basks of S-medule K=5 [pr Ko
eorreepemdingly), and It 1z weefil to koow the esxact, formulas for the coeffidmite i that, hasls of
arbhtrary ndd [pr even) chametar:

E Cogt = E e — O a)eh . (2]

e {l'nn] k odd {l'l'-'|] 0

Lemva 3. The dimenaion of tie subapner of FE(2) -moarane in VE™ cound o the Crtninm number

=ty = (1) (a5 &

for fie= 2, and ) okheradae,

Frnf. Veng formula (28, we get

oar=arrr= T (0% Me-Tdon o

where
g Pl = S ) M — kX ewen, .
.15“]_{“{ i) = lm T . (25

In partlmilar, the dmendon of the subspass of hvarlants In VE™ 1z aqual to 40 = o for e = 2a,
and () otlwrwks. O

{atalan mmbers ¢, count the mmber of (entearplanar regular graphe of degres 1 whh e = 20
vertlees.

Definftion 1. A Q-puwtepianar grph 1e a graph whh the et of wertkees {12, ... e} CH = {2 E
C |5 > 0}, mlges of whith can he drawn In the upper kalf-plane 4 withent, Intaresetinm.



For example, ere are twn of ez = & (Foferplanar regnlar graphe of degree 1 wlith 6 vertloes:

A U A U ﬁm
1 2 3 4 & 6 1 2 3 4 L &

The tenenr preshieets of lnwarlants are Inwarlantz. Edges of each (Foferplanar regnlar graph of
degres 1 glee ug 1 palre of nmibers from 1 to e = 20, E we fake the temenr proexliet of the nown
Inwartlante & A ¢ In each of thoee palre, we et an Inwarlant In V& The coumt of ech hwarlants 1z
ajual te the oot of the ccodederad (euterplanar graphs, 1. 2. whth the Catalan sumber o, Amd
we lew that, the dimengn of the enbspars of Inwarlants In V™ aquak the zame Catalan nimber
¢, . | 1z matnral to enppess that, the enetmeeted lnvartante fnrm 8 bads of the epase of lnvmdants.
Tk prevwe that, 1t 1z enenagh t0 ghew that, they are Inearly Indepemedent.

The standard bads B of V™ oonsdats of 2™ teneor preddicte %) @ - @ # With ..., E
{®,x}. We euppres that B & crdered leckographically. Deoata {2(G) the eet of dlrected graphs,
nxlerlvine nmilrectad graph of which 1z 3. Let, 7 be an (-oaerplanar regular graph of degme 1,
and g £ (7). Demte

be=21g)2 - @2n(g]EH (26)

eettlng *:(4) = %, %;(g)] =y for each edge (4, ) 1o . In other wonds, we ot % af the beglnnlng of
earh arrer of g4, and y —at Ite emd. We can wrlte the tenesr prochict of & A f correspomdlne 10 &
that was Intrechiced o the last paragraph az

= 3 (-1Fmes, (27
FECHET]

where 1nw g 1& the mmber of lnverslons In g, L 2. | the mmber of arvowe (£, §] I ¢ with £ = §.

Theorany 1. Tknanm I- parametrbed by el egulonre Qruterptanor gmphs of degeee 1 form 6 bosi
i the aubapare of Moarlant i e repreaentaon ,.*.-‘F‘“‘.

Prnf. Ketle that, for sach 7 exdata exartly cne gy € Q) withent, Inverslnne—with the ariantatlon
of earh edge from the left to the right,. Changlng the odentatien of the arrewes of go Inereases &, In
the kxlengrafleal order of B, B oweane that 8, 1z the minimal elment whh & noon-rere coeffieient,
In the decnmipeedtion of &7 In the bagle B, Denets 87 = &,. For the element, of 1ype &7, we can



recomstriet i, assnelating the left bracket, wlth each =, the rlght, hracket, wlth each g, and conmectlme
the correspomllng left, amd right, hracketa, B, we hawe o, elrments ; —one fnr each (7.

Th prevwe the Nwoar Indepemedmmon of the a0t of Lo we can shew that the rank of the @, 2 2™ matris
of the erefflclemta of L2 In the hask B e aual o on . T o that, we can And 8 nen-sern o, 20, miner
of that matrly. Crogkder the o, 2 0, submatrly with rowe mmbered by 7 oedered the zame way
a3 i, amd eolhimne correspomdlng to §-. Az e notleed In the prevloe paragraph, i- 1z the fiest
alement, with a noeenn eoeficlent, o the e 7|, aned thls coefflclent, aquals 1 by definltn. S, this
matrlx 1z unlpetent, Ya detarminant, eqmak 1, that cempletes the proct of the Inear ndependenes
of £ O

3 General teneor invarisants

M wa allnw fnr & graph fo hawe multiple edess, it den't, allvw lvepe. Lot 7 he an (Foitarplanar
graph and g € (7). For sach wortly £ of 4 demota

x:(g) = 2V el € gy, (28]

where &£ (4] k the oumber of armws 1o g, begholng n ¢, 47 (4] & the nmber of arrows, endlng I
f, axl

d; = &E=(g) + 47 (1) (29

1 the degres of £, Incther wornds, we it 7 a8t the beglonhng of each amew of g4, and & —at the ened,
and mnliply thees #e and 6 1o each werflx. Demnta

b=n(f8 SBr ) EFVE @FV (300
andl
o=, [-1)"70h. (31)
rECET]

Theorawy d. Fr any flaed 3, ... dn, o o paramctrieed by ol Q-cwterpbionar graphe with
wegred 4y .. 3, form o bl it e subpaes of Moarinne i the represestation o @ - @ o .

Pmef Fiet, wa can cnpare the dlmemekn of the spars of Invarlante and the onmber of eutar-



planar graphe with the glven degrees. Lelng charactars, we get,

- kil
r_'hm‘@....gﬂh=]][q‘t+qd‘_a+“-+ﬂ'_d‘]= E G{:]‘J'E=Eﬂii]"hﬂ&. ()

=l E=|d|ncda

whers d=|:d1,...,dm:], |d|=dl+---+dm and

s _ o -af gl - ks even, )
L ertherwles
Applrlg the Clheh-Gordon formula to the last e beame of the prochict, w2 gat,
e,y e, = b R g ) (3]
It glwoz ng the reriElnn relatlnm
k] AE L E] 1E]
G L VR N S + S sl ettt 3] Tt © o - doita 1) [35]

fnr any &, axd In partloular, for & = (dednine the dlenslen of the epace of lnvarlants. That, relatlon
makeg It, pragthle to darreass s, amd fnr 1 = 1 we haws the hiflal condltlone

becamss the representatioms oy and op are reeduclble.

Demecte ¢y the mmber of (-rtarplanar graphe whh degrees of wertioes 4 = (4, .. 4,). For any
(rentarplanar praph whh the glwen degmsm, oootracting s to sk — 1, and delethg after that, all
the lonpa at the last, werthe, we get, an Qbonterplanar graph whth the degrees (4, .. . dma, dm_1 +
i — Bt L], THETE & | m denntag the oumber of adges hetwemn e — 1 aml e —each adge
haz twe emwle—Y, meplalne the crefficlent, 2. The soumber g1 m can he any Intsager hetween ()
and min{dm | dm}. That means the last degree In the new (outerplanar graph can e do ) +
Bt +idm — 2, .. B — dm_1 | Thiz presedire 1z reveraible: for any (outerplanar graph with
admlesthle maw degrens we can nnetrket an (bentarplanar graph whh doproos 4, movlne the laat, 4,
el of adpee formn sk — 1 fo s and akding a., | @ Adees hetwoen sk — 1 amd . I wonts 'the laat)
hearlne In mimd the natural cnder oo the ewde of sdges of 2 wertly £ of an (eutarplanar graph: we
can suppeae that a emall halfoinele whh the center 1o € k& Iylnge In the upper half-plane N, whith
Intarzacta with each edee eoellig 1o £, sxactly 1n coe pelot, awd we can ender thess pelnte oo the
half-dArele cleckwle, axd theee mds of slgee—orrreepomiingly. Bo, we kawe a bljaflon hetween the



gat of (ontarplanar graphe wlth degrees o, amd the nolon of the gete of outarplanar graphe of the
mentinned atove degrese I glwes 16 the same ramirelon relaticn as (A5) for :13&]:

O = oy ol —l |+ Ol il sk — g —3] g b —da [ - (3T)

For sit = | we hawe ooy ome (Fofearplanar graph—wlth cne vartls 1 and witheut ecges. B, w2 hawe

the game 1nitlal comcitiooe as (36 for :'.E]]:

Thue, we prewed that, the dimmmeien e'.ﬂ:'] of the epane of Inearlants 1z erual 1o the sumber o) of the
Qentarplanar praphe with the plem deproes A

The proct of the lnear I1xlepexlemee of the st of §; k& exactly the game az for the case of mgilar
{(ronterplanar graphs of degree 1. Denote B the atandard bagk of SV & - @ FV, moslsthg of
(dL +1) - - [Bm + 1) tenenr prechicte ® @ - @ R, whh 2z £ 2% 2%y g%} Bri=1,.. . m
Ve muppeas that, B 15 crdered lexkeographically. We kave b, € B for all g £ (). For each 7 exlsta
EKaTtly noe gn £ (F(F) Withowt Inverslene - with orlentatlsn each edge from the left to the Hght
Changlng the crlentatlon of the arrewe of go Inereazes A, In the lexkeografkal order of B, It meam
that, fy, 15 the minlmal slrment. with & non-gere coefflclent, In the decempeosttlon of Lo 1n the hasls
B. Dencits &7 = fy,. In any wertd £ of gn we bave, ficst, of all the Ineomime arrews, axd then - all
the arrows coolme cut, 1o the ooder of the exds of the edges descrThed abowe, Tk, Inr an element,
of type

b=y gy (39)

We CAD TerematTIet (7, assoclating the sequence of £ In the right, brackets follewed by 274 1n the 1aft,
bmekeats, with each vertly £ | amd the coonecting correspendfing left and right, bracketz. e, we have
¢y Blememte - —ome for each 7 Consleler the o) x 0y snbmatrlx wlth rows onmbersd by 7 codersd
the gAmME WA 82 A7, Al columng enrrespondng to 8, of the oy x | B| matrix of the coeficlenta of
L7 1o the bask O, Ag we motleedd, b 1s the Arst element, with 8 noosern crefficlent In the row 7, amd
thls crefclent anpeale 1 by defnltlo. 3o, thle matrlx k& nnlpotent, s detearoimant, equak 1, that
cempletes the proct of the Inear Independenee of 1.

Tk completa the proof of the theorem, we have to show that, the tenecre 7 are F.L (2} Invartant.
The rrpreemtatn oy & - - & ., 12 & eihmpreeentatlon of 2™ W (FVI8™ where 2V = fl=, 1]

10



and ;» denotes the gtandard changhg of varlables. (V)%™ k an algebra, and 2™ commutatas with
1t& oultipllcatinm

(@ & Bam)H1 8 Bhn) =48 & & Smfim, (4]

becamss » cooourates with the mullplicatlen o 5. In partiular, & preshiet of lonwarlantz 1z
Inwarlant,. k. fnllows from the definltien that,

e = ]__I A'.;_JI:!H A II']: ["11:]
4L ) E )

where Bl demstes the eat of the armows of g, and
I VEY = IQS'V]@"‘, ﬂIEH.II—]-lﬁ{i_l]lﬂﬂlﬂl'ﬁ{j_i_l]lﬂmlﬂl@{m_ﬂ, [A2)

1 e It pute # oo the $-th plare and 1 oo the #~th plare of the tenenr prodhiet. Now, &5 comoitate

with the actlone of L), % 4 ¢ & hvarlant, and &7, the prodhiet of lnvarianta, 1z Inwarlant. O

Propoaition 1. Let B(G) e the aet of the edges of thie 0o uterpianar graph G with ge ventices, Por
fny dlajnint wninn

E@=ELI L5 (43)

we firne

to=1n, ... 4, [41)

where 7, ... G e the (-pwerplanar prapfo with s verties, with gie aeta of the odges B B
rorreapondingly

FPrnf. It follaws frem [11) Immediataly. O

4 Exsmples

It = 1, we hawe meactly cne (Hrtarplanar graph: with the wertly 1 and withent adges. I meams
that, the euhapare of Invarlanta of o 1z nontrielal R = (). In that case, the corresponding Inwarlant,
k1 egf

11



Corollary 1. The subspare of moariants of 4V @ F5%Y I nonoioind (f 4, = da = & for an integer
i = 0. In that maee, e apace of (rwarinnts [ one-dimenaiona] Wit e el dement

Ayl = E (-1 (‘D T ey T ESVEFY. (45)

DPmnf. I =2, the degrees 2| | 4y of any (J-nterplanar graph (f are squal. Bor any Infeger & there
1= & 1imje Qonterplanar graph whh twn wertiees of degrese 4| = dy = a. Formla [A5] follows foom
[41]. O

. A

1 1 z 1 2 3

Corollary 9. The subsprrs of fwarfant of T4V E S5V @ 5%V @ nonenllnd G the (ntegen 4 | da
fantd dx rould be the engthe of the aide of 0 rinngle (perfinps, degenemte, ©oe aides mn finee s
temghith, or 6 ventlz con be situated i e oppeosite side) with an en poimaer. In that mse, e

aphre of muarant [ one-dimenalonal with tie ol ciement

m=(rag"@llzeley-—yel @ la (A7), (46
wifiers
ﬂ=dl+d;_dﬁl ﬁ=fil+d:—d:| ﬂ=di+"-§t_dl. (47

DPrnf. If 1 = 3, we have & (Fouterplanar graph with & sdpges hetwoen 1 and 2, with & adges hetnen
1 and i, amd » mlpges hetween 2 and 3 for any nnmegatiee Intepers & 5, amd . In thie case

d=a+8, da=a+e, &=i0+e, EEY

and cenverely (A7), Foronila (46) fellows frem [11). O

In the depemerate casm eome of & b, ¢ squal ). E all of them equal (), we hawe a trivlal represmn-
tathn. If twn of them arpual (), gay b = ¢ = ), the gtnathn e the game ag Inr = 2

Io= (—.-:M;r'm=E[-1f(':)r-iyi@m‘f'-i@1 EFVEIFVES (19}
i=f}
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If coe of them enuals ), gay =1, 1t Inllswe from O orellary 1| amd Propesitlom 1, that,

r=(zay)"@ L1 EALT)
l il - . - = - . - . . . n
=33 -1 (:) C)ﬂ"“:-" @it @iyt e PV E IV E SV (50)
= i=i
It 1z & gpeclal case of the fnllewing

Propoaition 3. Lt I'o dennte the graph without muddple edges, with e game verdrees a G, In
whirdh an edge deboen o vertires calaks ff there are olyes bemieen thee vertdies G Then

Iz = é - 'i:z;li—lli‘__i" (:l) (:::)ai.--.inrl (51)

where W [ Gie number of e of T, and for ench odge £ of T we dennte ap Sie number of e
e of (7 connecting the anme vontles, and b, __ o, = B for any divected gmph g € Q) with the
esety £ Mrertsd oo eonnecdng Bhe erdees of e T4t elge ofLeo, . the c2actly £ MRuerked
ArTOMA rrommerting e werdies of tie W-thoedge of To. I Do o6 e, ©og 6 geaph (ok mecsasnry
ronneeted | without cyedes, then (51) @ e denmpoaition of Lo v the ckements of e i 8.

Pmof. It follnwe frem Cerellary 1 and Fropesltien 1, that formula [51) % true for any (-oitarplanar
graph 7. W hawe to prowe that, for the congldered case In which I'[7) 15 & tree, tenenrs d; _ ,, for
clfferant. £, .. . $w are oot aqual. We'll e the hdhictlon co . For W = () we have coly coe Yam
In the right kand glde of (51), & the statement & e, Let ¥ > () axl we koow that the gtatament,
1z tre for I — 1. Chenes the wertdx & of T[G) with degree 1 1t mdsts hecanse T(F) 15 & treg). Then
k-th eomponent, of &, __ ;. ejials by forola (28] to

N— N N
_{m" g Ukl (52

TE= Y wvgw—in ARl
where K = {k I} 1z the unkje edge of T'((7) havlng an ene &, aml another 1ta ed 1z I It means
that &g _ ;. ame dffersnt, for different, £ ;. Amd If 7 are the game, then by ndietlen, congldering &
without, edgee eonnecting k and [, we eee that, &;, . witheut k-th compenent, and withent enme
fartnr om IHh plane, are different, for different, £, .. . . Ther w1l dlffer oo the game plase after
acddlnge arual k-th cempeoents and oltlplylne Sth oemponent, co sl fantors, O

13



T[] 1z ot & tree, gome & _ In frrouda (51) can be the game. For lngtance, It a=f=a=1.
Then

(tl g ay@y? Wg= 1= a3
oy S myEmy Yae 15

- EPEay Wg= 1=
@t g Ma=
—my@atey? Wg=
+il g gy a=
+rpEEpEEy Uag=

(~Lfmes, = { (59

The Iteme mmesprdng 1o cwcles, cancel, and 17 1z the s of the other Iteme. It ke 8 gpeclal case
of the fnlowine

Corollary 3. In the altntion of the Comilary 2 for d) = dy = dy = 2o,

Io= (= Amy A" (54)

FPrnf. For a=1 gea (53], and for the other & i, follows from this epadal cace and Fropesdtin 1. O

5 Teneor decompoeitions

In thls eartln we use alghtly different, cuterplanar graphe than before: whh wertles dartinge from
(0 Ingtead of 1

Definition 3. An vuterpinnar graph 1s 8 graph whh the eet of vertloes {0,1,2, ... #me} C H= {2 E
C|%¥x > 0}, mlges of which can he drawn In the upper half-plane 4 withent, lntaresctinns.

We gtlll allnw fior & graph to awe multiple edges, it den't, allew lepe. Alse we'll nee the game
formulas [28-30) to deflne =;(g) and b, for an directad graph g £ (). Note that, ferooila [3)) for
fiy doean't, Inchide #p(g). For any nonnegatiee Intager £ < 4 () dennta

tog= J, (~1)™"h. (55)
wECHE]
A igl=

Theoremy 3. Fr any flzed dp, 4, .. . o, emacom Lo paramedled by il cwtopinnar praphe with
fegned dp 4y, ... dm Gnd Ronaegadue Indegem £ < 3y, form 6 ol I e Beypie mmponent of gie

11



ByPE i, IR B rep reaentabion o, & - - @ o, . For any fized puterphinor gmph 7, the 2l pace T2
aprmned by the basls (Top, ... G2, ), e fmwarany the Snere homomoneh

a7 FRY 5 T, wiyhig [_ljlﬁ?.i (5]

(%)

defines the Domorphism of ph, and tie subrep neaentation of SE2) i Tz, and

FV e eFV=aTs, (57)

where the direct aam o ghe rlght Gand alde D taken oeer all gie owerplanar gmphs of deyrees
iy ey, ... dy W Gl proaside vaiues of ds,

Imef Flet, we'l compare the suldtlpliclty of o wlith the count of the owfamplanar graphe. By
formulas [32-33), this nultiplcdty ayuals

o] G{ D O Mttty B e, i
o = it e Twlee (58)
where the onefielents - are deflned by the penerating e tlen
Eﬂf.,_,d“q*=1]f;r“ T L (58
i=l

We can easlly trancform an eterplanar graph to a (Foinemplanar graph and backwards, ghlfing 1t
to the fight, or to the left, corresprmd Ingly. Thik the nimber of tle cuterplamar graphe with degrees
dn, ..., dm & Ajual to the mmber of the Heaterplanar graphs with the zame degress, bt shiftacd:
the cdegree of 1 ikt be da, ... |, the degree of e+ 1 oot be dm, L e, el 1o

b il = g (60
Thk ajuallty was prowed oo the Aret gtep of the preef of Therrem 2. hew
didn] — ] rln—3] -in] —-in—ﬂ]
Colt i — G{dh_.d“ - 'G-{ﬁf_.. G{ L

= e [ -efn-‘]]](g”-' +E g

' (61)
= e (g —q]HIIq" g g
_G{nf e

a)
G{ bt lon = Coat et = o s

LT3



where regy demotes & reslichie 1o ). It means that the mmber of cuterplanar graphe of degrees
ey, ddy,. .., dm colneldes with the multlplielty of g4, 1o o & - - @ g, . hotles, that nslme fronila
(6] we are ahle to obtaln that, reanlt, wery easlly from the fhllerng aqalty asz wel:

ity F = dflm Ine (™ @ ) (62

for any Irredethle repPeentation ¢ and representation v, where mlt, T 1s the multplehy of o o
T, i~ demtes the represrntatlon conjugatad 1o 5, Al dlm v 1z the dimenslon of the subepace of
Inwarlantz. In nur casze

ﬂf:'l]_.i_, =multy, py @ @y, =dimbel, &4, 8 By, )= "-fi.l?.]m,_.ﬂu- (6]

On the esenmd step of the proct 'l diew that the eet of L7 & Inearly Inedependent. For
each (7 exlata exactly coe gy € (G withont lowerdons - whh pdentathn sach edge from the 1ef,
to the right. Changine the orletatien of the armows of 4 with nen-eem exds nereases f, 1n the
lmdergrafieal erder of B. It meana that, 4, 1 the mnlmal slem et wWith & mon-sem ceefficient In the
dernm pedtien of L7 5 In the hask B. Dencte iz = 4, . Nhote that for the (benterplanar graph 7,
chtalned fromn 7 by chlftingg It 12 the dght, on 1, we hawe

by = 2™ @ B (1)

In the proetd of Thecrem 2, we checked that all oy, 4 __ 4, elementa by are difierent, for all the (-
cuterplanar graphe of degrees dn, 4y, ... | dm. Thik, by formula [(§4), all oy, 4,4, Elements b7 are
dfferant, for all the mtarplanar praphe of degresg dpy, 4, . .., 2y Oeoddder the ey, a2 i,
enbmatrly with rows mmbersd by f crdered the eame way az b7, and columne coreapeadng e b2,
of the gy 4y _d.. % |[B| matrly of the cceffiddents of 47 0 1o the bagdls B. As we notlesd | b2 1z the firat,
alamemt, with a8 mneern cneffielmt In the rowe 7 aned thls coefflclent, ajals 1 by defindtisn. So, this
matriy 1z nnlpatent, ta detarminant egalk 1, that cempletes the proet of the Inear ndependenes
of I .

Third step: 7. Flret comslder tle case of & star with the center 1o ), 1. 8. 7 havwlng degrees

dy =t 8 = - - =dy =1
g 1 2

th—1
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In thi case
fri= II—W(T) gym(z® @ @), (55
where 22 =2 @ . @2 (e tlwes) and ™ =y @ ... @y (e — ¢ tinag) analegmialy, and
B?mliml@---@mmhﬁZm,{l]@---@m,{m]. (66
e,
where & ke the gymmetsle group of permutatione of 1, .. e Thie
T = Fm¥ = Grm (VE™), (67
By the definlflen of the artlone of FE(2) In 3™V and V™ the hememorphlsm
A7 5TV 5 Fn¥, wym s Sym(rd g @i (6]
1z Intartwining, therafore 4- 1z an leemorphlam and T = §,.V & an lovarlant, subspans.
how ket 7 be a gtar with the centar In ) amd oonltdple edges, 1. e,
do=di + -+ dm. (9]

Suppres for 2w pllelty that all 4, . .. | &, are Wt sern. Deneta 7 the crwerine (7 star with the the

game fagron A4y of () bt whheart, sonlflple edees 1 0. wlth 2, = - = d4, = 1. Consldder & pronjectlnn
Pr=pr, & —&pr, ¥*" =+ 5"V& &5, (T

where
oy Ve gy (T1)

Iz the projection defining 59, One can check that for any nonnegatlve Integer § < d,,

tes = Pr{ts, ). (72)

T = Fr(T). %)

By deflnityme [TO-T1), the projectin Prlz htartwihing with the FL{2-actlone. Therefre, Tz 1a
an hwarlant, snbsparse shes 7= 1z an Inwartant, athepae. The represmtatien of FL2) In T k&
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fartor-repreeentation of the Iredhiethle repreeentatieon of SE(2) In T, and Tz B mon-sero Gpace,
bacamss It contalng $op that kB mot #ere elnee the et of the tamenrs Lo n 18 Inearly 1nde peoed emt—1t
waz statad no the frat atep of the preof of the theorem. B, means that, the representatlon of FL{2)
In iz 1z equiwalent, oy, , amd

&z =FPraags (')
1t the correspomd e lesousrphlsm.

Aedefing a few wertloes of degrees () to o dessn't, change the stiuatlon, heraiee of the cancndeal
leronrphlsm:

arFive. g -V 1tmggiygi®ig. . g 1% g gl g (B (75]
addlnge 1 to ewery plare oorrespondlng 10 8 vertly of degree (). In partlinlar, we have
Iopi=alzg, Top=alfg), (76)
and

Ao, = 0ds, [(TT)
where (7_ 1z an eutarplanar graph obtalned oo 7 by akdlme 1, wertiees of degres () hetwaen () amd
1, ..., s wertkes of depgree () hetween k and £+ 1, ... | dn wertless of degres () aftar s,

how, noe can check that, for an arblfrary entearplanar graph f, and fnr any mnnegatlee lntager
£ % dn,
Ioi=Imilm,, (T&)

where Giy 1s the (bouferplanar graph cbtalned foom 7 by deletlnge the wertax () fogether with all the
elges el In (), and . 1z the star chialnsd oo by deletlng all the xlges of Gon. Jnee we
gtatad In Theorem 2 that £z, 1z lovariant, and the oultiplicaticn 1 Intartwinlng, 1t follews from (78)
that, the Ilnear hooomerphlm

fiTe 4T, trtls, (78]

& Intertwining and eurjectlve. Purther, T; le nonsere, beranes ¥ contalne &~ 5 # (), eee above. Jloee
the representatin of FL(2) 1n T;, k& lmadudble, and aqilvalent, o, , the represmtatlon of SL[2) b
T\, eqilwalent, e fartor-repressntation, 1e eqpdealend, 5 a2 well, aned

s = pdag, 4
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1t the correspomd e lesousrphlsm.

Flnal step. We already s that all the snbspamnoe Tiz are Invarlant, and the comt of them 1z
mactly the game a2 necpgary for (57). Now we can es the fnllvwing

Lewwa 5. For any otgeis rpraentatlon T of SE(E) and for any g € F that @ mot o mot of
wnity, nll tie dpempaee r:ufT{g qE, :| have e aame dimenainn eqial o the rws ber of the Irredu b
romponenta of T

Pmnf. For py, the bagdls slements &4, . #ipd— |y are the desnvectore of m{g .TE‘ ] with the
dgenwalies g7, ... ¥, ... g that, ame all dMferent, If 7 1z mot & met, of unlty. Thersfors, for T
belng & liract, enm of f1 repreeenfatlong spdvwalent o gy, deom pedng each oom penent, 1o the snm
of the Indieated abhewe dgenlines (1. 8. elgenepares of dimenslen 1), we get the decompraiflon of the
gpare of T I the enm of n elgenlines with the slgenwale 7, . .., 0 dgenlines with the Agenvalue
g .., u dgenllneg With the dgenvalie g It means that the dimenslon of sach elgenepane 1a
fl. O

Conekler the s of Tz fbr all f whh Sxed degrees dn, o), .. ., dm. It 18 & cpare of laotyple
repreeentation of the t7pe ga,. It follows fom formula (56) poowed abowe, that each Iz 15 an
Agenwector with the elgenvale g% for the matrk In Lemma 3. In partleular, the dgenspans
with the elgenwale g contalns ¢y ,, o -dlmemicnal gpace spanmwed by & 5. By Lemma 3, the
amber of rredicibls components In the coneldered spare k& oot lees than ey, 4, 4 . T koow that,
the oumber of the Irredielble components of the 17pe oy, 1o oy, & @ o, B ey 4o, Il 2808
that the conekered enm of ey, 4, 4 snbsparse T~ k divect, and It s the gpare of the loipple
o ponent of the 7pe oy, Ioopy, & - -8 oy . Taklng the divect snm of the lentpple components, we

get, (57). O

Propoaition 3. Lt B(G) be the st of the elpe of the nuterplbanar geaph G with e vertees. Por
fny dlajnint wninn

E@=EB1 LUE (81)
fumd for any Ronmgatue g £ £ 3G we hae

:ﬁ'..:'. = E n:'i A - :ﬂ_h’-:l. 1 I:Eﬂ:]



where 7, ... G are the Q-pwterpinnar graphs Wit fe uertiees, with e aeta of the edpea By ER
rorreapondingy, and we suppose i e awm (82) thint £ < da (G, .. e S da(GE).

FPmnf. For a star withewt, omltlpke edges, ee [§5], It follows directly fiom the the defioltlon [55] of
;. Uslng frroula [T2) and Prpesitlen 1 we chtal the general casn. O
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